A model is constructed for the confinement of test particles moving on a brane. Within the classical framework of this theory, confining a test particle to the brane eliminates the effects of extra dimensions, rendering them undetectable. However, in the quantized version of the theory, the effects of the gauge fields and extrinsic curvature are pronounced and this might provide a hint for detecting them. As a consequence of confinement the mass of the test particle is shown to be quantized. The condition of stability against small perturbations along extra dimensions is also studied and its relation to dark matter is discussed.
Introduction
The first exploration of the idea of extra dimensions was made by Kaluza and Klien (KK). In this theory the gravitational and electromagnetic interactions have a common origin. This unification and its generalization to Yang-Mills interactions can only be done in the presence of extra dimensions. Another reason to study extra coordinates comes from string theory which is a candidate theory for quantum gravity, being formulated consistently in spaces with extra dimensions. The third reason to study extra dimensions arises from cosmological constant problem (CCP). This is one of the most sever problems facing gravitational and particle physics. The CCP can be put in two categories. The first is the question of why the observed value of the vacuum energy density is so small that the ratio of its experimental to the theoretical value is of the order of -120. The other is to understand why the observed vacuum energy density is not only small, but also, as current Type Ia supernova observations seem to indicate, of the same order of magnitude as the present mass density of the universe [1] .
If the extra dimensions exist, then the natural question that one might ask is: why can we not travel through them and by which mechanism are they detectable? In KK theory the extra dimensions have compact topology with certain compactification scale l so that at the scales much larger than l, the extra dimensions should not be observable. They only become visible when one probes at very short distances of order l. Another way to display the invisible nature of extra dimensions in low energy scales is to assume that the standard matter is confined to a 4-dimensional submanifold (brane) embedded in a higher dimensional manifold (bulk), while the extra dimensions are probed by gravitons. An example comes from Horava-Witten's M-theory, where the standard model of interactions contained in the E 8 × E 8 heterotic string theory is also confined to a 3-brane, but gravitons propagate in the 11-dimensional bulk.
In this paper, we have studied the dynamics of test particles confined to a brane at classical and quantum levels. In doing so, we have assumed an N -dimensional bulk space through which a 4D brane can move. The existence of more than one extra dimension and certain Killing vector fields suggest that the twisting vector fields, as in classical Kaluza-Klien theory, play the role of the gauge fields. We then move on to study the classical dynamics of a confined test particle. This in turn requires an algebraic constraint being imposed on the extrinsic curvature. An interesting question would be to investigate the effects of small perturbations along the extra dimensions. It turns out that within the classical limits, the particle remains stable under small perturbations and the effects of extra dimensions are not felt by the test particle, hence making them undetectable in this way. At the quantum level however, since the uncertainty principle prevents the wavefunction of a test particle from being exactly localized on the brane, the gauge fields and extrinsic curvature effects become pronounced in the Klien-Gordon equation induced on the brane. Ultimately, the quantum fluctuations of the brane cause the mass of a test particle to become quantized. The cosmological constant problem is also addressed within the context of this approach. We show that the difference between the values of the cosmological constant in particle physics and cosmology stems from our measurements in two different scales, small and large.
Geometrical preliminary of the model
Consider the background manifold V 4 isometrically embedded in V m , by a map Y :
where G AB (ḡ µν ) is the metric of the bulk (brane) space V m (V 4 ) in arbitrary coordinates, {Y A } ({x µ }) is the basis of the bulk (brane) and N A a are (m − 4) normal unite vectors, orthogonal to the brane. The perturbation ofV 4 in a sufficiently small neighborhood of the brane along an arbitrary transverse direction ζ is given by
where £ represents the Lie derivative. By choosing ζ a orthogonal to the brane, we ensure gauge independency [2] and have perturbations of the embedding along a single orthogonal extra direction N a giving local coordinates of the perturbed brane as
where ξ a (a = 0, 1, ..., m− 5) is a small parameter along N A a that parameterizes the extra noncompact dimension. Also one can see from equation (1) that since the vectorsN A depend only on the local coordinates x µ , they do not propagate along the extra dimensions
The above assumptions lead to the embedding equations of the perturbed geometry
If we set N A a = δ A a , the metric of the bulk space can be written in the matrix form (Gaussian frame)
where
is the metric of the perturbed brane, so that
represents the extrinsic curvature of the original brane (second fundamental form). Also, we use the notation A µc = ξ d A µcd where
represents the twisting vector field (normal fundamental form). Any fixed ξ a shows a new brane, enabling us to define an extrinsic curvature similar to the original one by
Note that definitions (3) and (4) require
which is the generalized York's relation and shows how the extrinsic curvature propagates as a result of the propagation of metric in the direction of extra dimensions. In general the new submanifold is an embedding in such a way that the geometry and topology of the bulk space do not become fixed [2] . We now show that if the bulk space has certain Killing vector fields, then A µab transform as the components of a gauge vector field under the group of isometries of the bulk space. Under a local infinitesimal coordinate transformation for extra dimensions we have
Assuming the coordinates of the brane are fixed x ′µ = x µ and defining
then in the Gaussian coordinates of the bulk space (2) we have
hence the transformation of A µab becomes
This is exactly the gauge transformation of a Yang-Mills gauge potential. In our model the gauge potential can only be present if the dimension of the bulk space is equal to or greater than six (m ≥ 6), because the gauge fields A µab are antisymmetric under the exchange of extra coordinate indices a and b. For example, let the bulk space be of Minkowskian type with signature (p, q). The tangent space of the brane has signature (1, 3), implying that the orthogonal space has an isometry group
where C abcd pq is the Lie algebra structure constants defined by
On the other hand if F µν = F µν ab L ab is to be the curvature associated with the vector potential
or in component form
Classical dynamics of test particles and confinement
In this section, we apply the above formalism to derive the 4D geodesic equation for a particle confined to the brane and the conditions for the confinement. The geodesic equation for a test particle traveling in the neighborhood of the brane world in V m are taken to be
and F A is some non-gravitational force that is responsible for the confinement of test particles. We require F A to satisfy two general conditions: first, F A have a deep minimum on the non-perturbed brane and second, F A depends only on extra coordinates. Here, κ = −1, 0, 1 to allow for massive, null and tachyonic particles respectively. One can decompose these equations by using the Guassian form of the bulk space metric. In this frame the Christoffel symbols of V m can be written as
where Γ µ αβ is the christoffel symbol induced on the perturbed brane. Note that for obtaining these relations we have used the inverse of G AB as
hence the geodesic equations (5) in the Guassian frame splits into the following equations
and the normalization condition G AB U A U B = κ becomes
where u µ = dx µ dλ and u a = dξ a dλ . Now, if a test particle is confined to the original non-perturbed brane, then u a = 0 = ξ a , and equations (6), (7) and (8) reduce to
whereū α = dx α /ds,ū a = dx a /ds and ds is an affine parameter on the brane. We also imposed the first constraint condition which implies that F a can be expanded as a power series in ξ a about its minimum
Here, we have assumed that F a is symmetric up to the first order in terms of ω. The smaller the "squeezing" parameter ε the deeper is the minimum of F a and the system is more squeezed on the original brane. Since F a has a deep minimum, we can neglect ξ 2 and its higher orders. To cancel these terms, we consider ω/ε to be much larger than the scale of the curvature ρ on V 4 , more specifically ω/ε ≪ ρ 2 . Following [3] , we absorb the scale of ω into a small dimensionless parameter ε so that ω becomes of the same order as ρ 2 . Thus ε plays the role of a natural perturbation parameter. For a confined particle, the middle equation in (9) requires that acceleration along the extra coordinate must vanish i.e. 
This is an algebraic constraint equation that must hold for the confinement to happen, in agreement with the results obtained in 5D in [4] . As an special case, equation (10) is satisfied whenK a αβ = 0. In this case the brane is a totaly geodesic sub-manifold, that is, any geodesic of V 4 is also a geodesic of V m . A totally geodesic submanifold is a multidimensional analogue of a geodesic line. A Riemannian manifold containing a totally geodesic submanifold cannot be arbitrary. Ricci [5] has given a system of differential equations that a Reimannian submanifold has to satisfy in order to admit totally geodesic submanifolds.
The above discussion means that at the classical level a test particle at low energy does not feel the effects of extra dimensions. Later, we show that at the quantum level, the effects of extra dimensions would become manifest as the gauge fields and a potential characterized by the extrinsic curvature.
Stabilization
At this point it would be interesting to consider what would happen if the position of the particle was perturbed along a direction normal to the brane. In other words, how stable the particle is confined to the brane. Since ξ a is "small" in our approximation, equation (7) up to O(ξ 2 ) becomes, calculating all the quantities on the non-perturbed brane and disregarding the bar from hereon
Now, using equation (4) and condition (10) the above equation simplifies to
In a five dimensional bulk space with constant curvature the covariant equation of the motion for a brane is given by [6] 
where Λ is an effective cosmological constant on the brane, T αβ is the energy-momentum tensor of the confined matter and
with K 2 = K αβ K αβ and h = g αβ K αβ . Q αβ is a conserved quantity which according to [6] can be considered as an energy-momentum tensor of a dark energy fluid representing the x-matter
where the suffix "ex" stands for extrinsic. After taking the trace in equations (13) and (14) and also multiplying them by u α u β we obtain
Hence in a 5D bulk space with constant curvature, the stability condition results from equation (11) and reads
where p ex = ω ex ρ ex . In an arbitrary m-dimensional bulk space the Gauss-Codazzi-Ricci equations are given by [7] R αβγδ = 2g
respectively and the covariant equation of motion for a brane in a constant curvature bulk space is given by equation (12), so that in this case we have
where K 2 = K µνa K µνa and h 2 = g ab h a h b . For the constant curvature bulk space the Ricci and Codazzi equations (15) lead to
The above considerations lead us to obtain the generalized X-Cold Dark Matter (XCDM) corresponding to an extrinsic quantity Q µνab given by
Again by repeating what we did above, equations (17) and (18) lead to
where (11) and (19) we again obtain
Since we know from accelerated expanding universe that ω < −1/3, the second term in equation (20) is negative. However, since ε ≪ 0 the first term is large and we should not worry about the particle being confined to the brane.
Quantization
We now focus attention to the quantum aspects of the problem. We assume for simplicity that the bulk space is of Minkowiskian type with signature (p, q). The Hamiltonian of the system in the coordinates of the bulk space is
where V is the confinement potential so that F a = −∇ a V. We have added to the Hamiltonian the confinement potential, since by taking the covariant derivative of H we expect to obtain equation (5) . Before considering the constraint, the dynamics of the quantum particle is described by the Klein-Gordon (KG) equation in the bulk space given by
with the normalization condition for the wavefunction given by
By changing the coordinates to {x µ , ξ a }, the Dalambertian in the KG equation becomes
and the normalization condition (21) takes the form
Since our goal is to have an effective dynamics on the brane, we re-scale the wavefunction in such a way as to make it normalized in , whereḡ is the determinant of the non-perturbed metricḡ µν . The re-scaled wavefunction then satisfies the normalization condition
Now, using the explicit form of the Gaussian metric we obtain
and L ab are the Lie algebra operators, the Dalambertian can be rewritten as
In the previous section we saw that the parameter ε can be used as a perturbation parameter. By changing the extra coordinates as ξ a −→ ε 1/2 ξ a , the Dalambertian (23) and confinement potential can be expanded in powers of ε ε2 = 2 (0) + ε2 (1) + · · · , and
Thus, the ε → 0 limit can be unambiguously achieved by considering ǫH, so that
and
In the last step for obtaining an effective KG equation on the brane, we need to "freeze" the extra degrees of freedom and thus assume
so that the index β runs over any degeneracy that exists in the spectrum of the normal degrees of freedom. The KG equation associated with the normal degrees of freedom describes (m−4) uncoupled harmonic oscillators
Note that changing the extra coordinates makes the divergence in the Harmonic potential to disappear and we can study the ε −→ 0 limit unambiguously by considering εH. Equation (25) has the largest contribution of the order O(1/ε) to the 4D mass of the particle. Now by projecting the KG equation onto the space of degenerate states {θ β } the effective KG equation in 4D becomes
with L ab being the matrix obtained by bracketing L ab between the eigenstates corresponding to E 0 and resulting in components different from zero if the normal wavefunction lies in a degenerate, nontrivial representation of SO(p − 1, q − 3), and I is the n × n identity matrix (n is the order of degeneracy in equation (25)). In obtaining equation (25) we have used the inverse of g µν . However, since the inverse of g µν cannot be obtained in exact form, one should resort to an expansion of its terms obtaining
Equation (26) shows that the extrinsic contributions stem from the momentum independent potential Q and the minimally coupled gauge field A µ . In the classical equation of motion these quantities do not exist and are therefore purely quantum mechanical effects arising from higher dimensions. On the other hand, the equation of 4D mass, the last equation in (27), shows that the observable mass is a quantized quantity. If the mass of a particle in the bulk space in the induced matter theory [8] is assumed to be be zero, then
This equation deserves a short discussion. If the extra coordinates are taken to be timelike then the mass will become tachyonic. However, if we have two extra dimensions, one being timelike and other spacelike, then the zero point energy vanishes and we have massless particles. This means that the fundamental mass can be zero. In the case where the extra dimensions are larger than two, or when they are spacelike, then it would be impossible to obtain a massless particle. In equation (28) as ε → 0 the mass becomes very large. On the other hand if we change the coordinates according to x µ → √ εx µ , then equation (26) gives our redefined mass
In the first section we considered ω to be of order ρ 2 . This implies ω ∼ R ∼ Λ where R and Λ are the curvature scalar and cosmological constant of the brane respectively. Now, inserting the appropriate units into equation (29), we obtain the fundamental massm 0
Since our change of coordinates amounted to x µ → √ εx µ , we relate this mass to the micro-world.
It is the mass of a quantum perturbation in a spacetime with very small curvature measured by the astrophysical value of Λ as opposed to the mass sometimes inferred from the zero point or vacuum fields of particle interactions. As we noted above, the mass denoted by m is a consequence of the large scale gravitational effects and becomes very large according to m =m/ √ ε. One may interpret this as having a parameter relating the large scale to that of the the small. To have a feeling of ε, one may use the fundamental constants to construct it. In doing so, we note that the following combination ofh, c, G and Λ would serve our purpose and renders a dimensionless quantity, viz.
Having made an estimate for ε, we can now obtain an order of magnitude for m 0
This is the same as the mass of the observable part of the universe (10 80 baryons of 10 −24 gr for each) [9] . Another important problem that can be addressed in the context of present discussion is that of the cosmological constant [10] . As was noted in section two, the squeezing parameter ε was introduce as a consequence of requiring a test particle to be confined to our brane. This parameter however, opens up an opportunity in the way of observing our universe from two different angles, namely, either looking at our universe in its entirety, that is, at its large scale structure or do the opposite, i.e. observing it from small scales. The parameter ε provides us with the tool necessary to achieve this. It suffices to define the change of variable introduced earlier, that is x ′µ = √ εx µ . This relation connects two very different scales; small and large. Now the question of the disparity between the values of the cosmological constant in cosmology and particle physics reduces to its measurement from two different scales. If we look at it from the large scale point of view, we measure its astrophysical value, Λ ∼ 10 −56 cm −2 . On the other hand, if one looks at its value from very small scales, it turns out to be related to that of Λ through the relationΛ = Λ/ε which is 240 order of magnitude larger than its astrophysical value. The unusually large order of magnitude should not alarm the reader for if we had used the Plank mass in equation (30) instead of m 0 , we would have obtained the usual value for the order of magnitude, that is 120. The above discussion leads us to the conclusion that the vast difference between the values of the cosmological constant simply stems from our measurements at two vastly different scales.
Conclusions
In this paper, we have presented a new model for the confinement of test particles to the brane. In doing so, we have obtained a confinement condition which imposes an algebraic constraint on the extrinsic curvature. This condition is particularly helpful when calculating the components of the extrinsic curvature. This is so because if the metric of the bulk space is known then the calculation of the components of the extrinsic curvature is a simple matter. However, when the only known quantity is the metric of the brane, then the Codazzi equation cannot give the components of the extrinsic curvature uniquely since there is always a constant of integration. The above mentioned condition has the advantage of being able to determine the extrinsic curvature without ambiguity.
We also showed that a classical test particle cannot feel the effects of the extra dimensions whereas when the system is quantized, the effects of these dimensions are felt by the test particle as the gauge fields and the extrinsic potential Q. Also, the mass turned out to be a quantized quantity which is related to the cosmological constant.
A major ingredient of this model is a constraining force introduced in order to confine the test particle to the brane. We assumed that this force has a deep minimum around the brane allowing an expansion of it in terms of a parameter ε which controls the size of the minimum. This parameter plays an important role in the measurement of the value of the cosmological constant. Since the depth of the confining potential is a relative quantity depending on the scale at hand, the value of the cosmological constant depends very much on the scale defining the frame from which observations are made. This seems to be the root of the huge disparity between the values of the cosmological constant as measured in cosmic scales and that which results from particle physics.
